We have discovered an invariant of regular isotopy for links additionally depending (and this is a new feature) on the choice of a link component, and named it the special SL-invariant. It consists of an ordered pair of polynomials (S, L) each one in the ring Z[σ, λ, σ
INTRODUCTION
In this paper we introduce a 9-fold expansion on link diagrams producing a state sum on 9 variables which generalizes the Kauffman bracket. See Figure 1 for the skein version of our state expansion. This expansion can be compared directly with the simpler expansion of the bracket polynomial. This new expansion has two types basic end-products in the combinatorics, namely, open and closed paths, or snakes (τ ) and circles (δ). The production of the systems of equations and their solutions as well as finding Gröbner bases (for the associated ideal) to get invariants is now possible by using computer techniques. The mathematical symbolic manipulation both produces the equations and produces proofs of invariance once solutions or non-trivial Gröbner bases are found. The necessary additional piece of information to actually implement the state sum computation comes from interpretation of each state as a weighted graph with vertices of valency 1 or 2. The labeling of the edges of this graph, such as done in Fig. 2 , permits a straightforward translation in Mathematica TM (see 12 ) code, see Section 3.
By evaluating the above state sums the two variables δ and τ play a distinguished role. The variable δ counts the closed paths (circles or loops), as in the case of the bracket. The variable τ counts the open paths (snakes). By imposing invariance under Reidemeister's moves II and III, we get a system of 47 polynomial equations in the 9 variables. We can find many solutions to this system using the commercial computer algebra systems Maple TM (see 10 ) or Mathematica TM , but very likely these are not all solutions.
The equations span an ideal I in a polynomial ring R on the 9 variables {A, B, K, L, M, U, V, δ, τ }. Using the free software Singular, 1 we can easily find a Groebner basis for I. This allows to compute a regular isotopy invariant for links, living in the quotient R/I. We name it the ideal C-invariant. The ideal C-invariant is a generalization of the bracket invariant.
The ideal I is non-radical, showing that the normal form of the polynomials can potentially hold more information than all the individual solutions together. Nevertheless we have selected a specific solution producing an invariant C(Z, σ, λ) ∈ Z[σ ±1 , λ ±1 ]. We name it the special C-invariant. It is an invariant of the regular isotopy class of a link Z. We have tested the special C-invariant on the first 12 pairs of distinct knots having the same Jones invariant, namely the pairs: {4 1 , K 11 n 19 }, {5 1 , 10 132 }, {5 2 , K 11 n 157 157}, {6 3 , K 11 n 12 }, {7 7 , K 11 n 28 }, {8 1 , K11n70}, {8 2 , K 11 n 6 }, {8 8 , 10 129 }, {8 16 , 10 156 }, {9 2 , K 11 n 13 }, {9 8 , K 11 n 60 }, {9 12 , K 11 n 15 }. For the terminology on these knots see Dror Bar-Natan page at http://katlas.math.toronto.edu/wiki/Main Page. The special C-invariant assumes distinct values for the first ten of these twelve pairs of knots. For the last two it coincides (up to mirror). See Appendix B. Motivated by this coincidence we tried another solution annihilating I, the C-solution (solution 15 in the Appendix A), which produces another invariant, the C-invariant. This invariant (which seems to live in Z[ √ 5]) distinguishes the last two pairs. This is done in Section 8.1 and proves that the ideal C-invariant is strictly stronger than the special C-invariant.
These examples show that the ideal C-invariant is a proper generalization of the bracket (as the ideal Cinvariant includes the bracket as one of its solutions). However we can not prove, in general, any relation between them (in principle there could be links distinguished by the bracket and not by the C-invariant). Nevertheless, we conjecture that the special C-invariant is stronger than the bracket and weaker than the C-invariant.
From the construction of the state sum it follows that by opening a link Z at an edge e of its plane diagram defines a pair of polynomials S(Z, e, σ, λ) and L(Z, e, σ, λ) from which C(Z, σ, λ) can be recovered.
‡ See Fig. 7 . Our main result is that S(Z, e, σ, λ) = S(Z, f, σ, λ) and L(Z, e, σ, λ) = L(Z, f, σ, λ), as long as the edges e and f are in the same component ζ of the link Z. Therefore we have a regular isotopy invariant (S(Z, ζ, σ, λ), L(Z, ζ, σ, λ)) for the link Z that additionally depends on the choice of its component ζ. It is in this sense that we say that our invariant is an "invariant of link components". We name it the special SL-invariant of the link component ζ.
The paper is organized as follows. An example focused on the matter of "invariance of link components" (which, as far as we know, is new in the literature) is discussed in Section 2. In Section 3 we provide the instructions to perform the 9-fold expansion and corresponding simplifications yielding the state sum. The code in Mathematica TM on how to perform these the tasks is displayed, being surprisingly short. In Section 4 we sketch the code on how to produced the 47 polynomial equations (which we display explicitly) assuring regular isotopy invariance. In Section 5 we present a specific Gröbner basis for I, which defines with its lexicographic monomial ordering a normal form for each element in R/I. This normal form is the ideal C-invariant. In Section 6 we explain how to obtain from long knots and links the special SL-invariant. In Section 7 we prove the Crossing Passing Lemma, a result needed to produce the ideal version of the special C-invariant. In Section 8 we introduce the C-invariant motivated by the failure of the special C-invariant of distinguishing inequivalent pairs of small knots. In Section 9 a basic identity relating the 9-expansion and virtual knots is proved, opening the way for future explorations. Also a connection between the same 9-expansion and matrix solutions for the Yang-Baxter equations is presented. Future works along these directions are anticipated. In Section 10 we comment on some intrinsic limitations of the ideal C-invariant motivating the search for stronger invariants derived along similar combinatorial state summations. Sections 11, 12 and 13 and 14 are Appendices containing respectively (a) sixteen branches of solutions annihilating I; (b) figures for the twelve first pairs of knots not distinguished by the Jones polynomial and their C-invariants; (c) the values of the special C-and SL-invariants for Morton Thistlethwait's link (which according to is Jones polynomial is unlinked; (d) links up to 7 crossings and their SL-invariants.
This research was born during an academic visit of the first author to Recife, Brazil in January, 2007, progressed with intense e-mail correspondence among the 3 authors during the months of January to April, 2007 . It matured during a second academic visit of the same author to the same city on July, 2007. After that, the e-mail correspondence became even more intense during the months August to October 2007, time of its conclusion.
THE SL-INVARIANT DISTINGUISHING COMPONENTS INSIDE A LINK
The special C-invariant is obtained by assigning the following values for the nine variables, as a function of the two free parameters σ and λ:
The genesis of this solution is explained in the next section. This is a two-variable invariant of regular isotopy which leads to much but not all of this paper.
As mentioned above, for each component of a link, the special C-invariant induces another invariant depending on the component, called the special SL-invariant of the component. It consists in a pair of polynomials, (S, L). We give an instance showing that the special SL-invariant can distinguish components of a link. Consider the link with 8 crossings depicted in Fig. 3 . (We use labels on the edges of the link in order to explain, in the next section, how the state sum and the invariant is obtained.) The value of its special C-invariant is ‡ C is for closed, S is for short, L is for long 
. The values of the S and L polynomials forming the special SL-invariant for the green component are
while these polynomials for the red component are
Since their special SL-invariants are distinct, the two components of the above link can not be transformed one into the other by regular isotopy.
As a matter of fact, the variable λ does not seem to appear in the closed form of links. It is appearing only as a multiplicative factor in the special L-polynomials, but we do not yet have proofs of these facts. To compute C from the pair (S, L) it does not matter which component ζ of Z is used:
, as in the above example.
If the link is in fact a knot then there is only one component, hence, the SL invariant is a regular isotopy invariant of the knot. Unfortunately the special SL-invariant does not distinguish 9 42 from its mirror image nor the Conway knot from the Kiroshita-Terasaka knot.
The ideal C-invariant does not directly admit an SL-version. However, when we add four more polynomials to I (yielding an ideal I ′ ⊂ R), we obtain an ideal invariant C ′ for which we can do the same construction as above. In that way, we obtain an invariant of link components that lives in R/I ′ . We call it ideal SL-invariant, and it is a generalization of the special SL-invariant.
In Figure 4 , we relate our invariants diagramatically. In that diagram, "A −→ B" means that A is a generalization of B, and the vertical position of an invariants in the diagram corresponds to its experimental strength. 
OBTAINING THE C-INVARIANT FROM A LINK OR TANGLE DIAGRAM
The basic idea is to expand the crossings of the link diagram with respective labels on the edges as shown in Fig.  2 . Each labeled crossing is replaced by some graphical vertices having valency 1 or 2 in the nine possible ways. Each such possibility receives a variable which, in the figure, in anticlockwise order is A, B, K, K, L, L, M, U, V . Note that the two possibilities which receive K and the two which receive L are indistinguishable, since a crossing is invariant by a π-rotation. A state is a complete and arbitrary choice of variables, one for each crossing together with the plane associated graph induced by the splitting. Specifically, the state is a monomial formed by the product of the variables and the collection of open and closed paths, since the graph has only vertices of degree 1 or 2. The expansion is realized by the following substitution rule in Mathematica TM . Note that the first symbol of a quadruplet associated to a crossing must be an overcrossing, and the sequence of symbols proceeds counterclockwise around the crossing..
(** This rule produces the expansion at a crossing **)
In this symbolism con[x y] means that edge x connects to edge y, that is, it has an end in common with y, forming a bi-valent vertex (represented by a hollow circle). The symbol ext[x] means that edge x has a monovalent vertex (also represented by a hollow circle), which is the extremity of an open path (after the full expansion).
Let Z be link diagram n crossings. To a state s of Z with monomial µ having c closed paths and o open ones we define the monomial µδ c τ o as the evaluation of s. The C-state sum |Z| of Z is the sum of the evaluations of all the 9 n states of Z. It follows that the any C-state sum is an element of the polynomial ring The rule to produce the state sum is simply:
The state sum for the closed and open links of Fig. 3 can now be obtained simply as follows:
REIDEMEISTER MOVES II, III AND THE C-INVARIANT
Consider the Reidemeister moves II and III, of Fig. 5 . These are tangles which are encoded in Mathematica by the following definitions: By annihilating Dif M ove2, the difference between the left side and the right side of Reidemeister type 2 move and collecting terms with the same interior, we get invariance as long as the 9 variables satisfy the system of 9 equations below AB − 1 = 0,
For move 3 we have
Making the sum of terms with the same interior of DifMove3 equal zero we get invariance under move III. Thus, the 9 variables must satisfy the system of 38 equations below:
A particular solution for the above system of 47 polynomial equations is given by the following assignment of variables § , named the C-solution, depending on free variables σ and λ:
The special C-invariant of regular isotopy for a link Z is the value of its C-state sum when the nine variables are replaced in terms of σ and λ as above. So, the special C-invariant lives in the Laurent ring Z[σ ±1 , λ ±1 ] Figure 6 . A link, a long link represented by a black rectangle
A GRÖBNER BASIS FOR I: THE IDEAL C-INVARIANT
The C-solution is only one of many solutions of our system of 47 equations. See Appendix A. Another solution is
This solution yields the bracket polynomial .
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Here in fact τ plays no rôle: Any state yielding open paths contributes zero to the state sum since
A good thing about the system of 47 equations (that seemed horrendous at first sight) is that a Gröbner basis for the corresponding ideal I ⊂ R is very easy to obtain with Singular. Using a lexicographic monomial ordering with M > δ > τ > U > V > K > L > A > B, after less than a second one obtains the following reduced Gröbner basis G for I, formed by 17 polynomials:
Using Gröbner bases with respect to various monomial orderings, we have been able to compute more than 20 branches of solutions of the 47 equations. However, we have no reason to believe that we found all solutions. Moreover, it is useless to look for solutions, since we can define an ideal invariant in the sense of. 8 This captures all solutions at once, without the need to compute any of them, as we will explain in the rest of this section. By definition of the ideal I, the coset |Z| + I is invariant under Reidemeister II and III moves. Hence,Ĉ(Z) is in fact a regular isotopy invariant of the link represented by Z. Any solution of the 47 equations gives rise to a regular isotopy invariant, by evaluatingĈ at that solution. Hence, by definition, the invariantĈ is at least as strong as simultaneously all invariants obtainable from solutions.
Note that for definingĈ, we do not need to know about the solutions to the equations. But how can one computeĈ? Obviously, we need a decision procedure that tells whether two cosets, namely elements of the quotient ring R/I, coincide. This problem has a well known solution by the theory of Gröbner bases 9 : Using any Gröbner basis for I, such as G provided above, one can compute a Normal Form N (p) for any p ∈ R such that p + I = q + I ⇐⇒ N (p) = N (q), for all p, q ∈ R.
In conclusion, knowing G, we can computeĈ. Although there is no need to compute any solution,Ĉ is at least as strong as all invariants that can potentially be obtained by solutions of the 47 equations.
There is even reason to expect thatĈ is strictly stronger. By Hilbert's Nullstellensatz, 9 two polynomials p, q ∈ R coincide by evaluation at any solution of the 47 equations if and only if p + √ I = q + √ I, where
is the radical of I. In general, I ⊂ √ I. Singular 1 can compute √ I, and it turns out that here I = √ I. Hence, there are elements of R that can not be distinguished by evaluation at any solution of the 47 equations, but can be distinguished by I. Note that, in general, S and L depend on the choice of the edge at which we cut Z. In the next section, we will give conditions under which the pair (S(Z, ζ), L(Z, ζ)) is independent of the choice of the edge, provided the edge belongs to the same component ζ. Hence, under this condition, the pair (S(Z, ζ), L(Z, ζ)) is a regular isotopy invariant of the link component ζ of Z. Note that, in general, this invariant not only depends on the regular isotopy class of the link Z, but also on the choice of the component ζ.
THE C-INVARIANT AND LONG LINKS: THE SL-VERSION
In fact it turns out that the special C-invariant allows the definition of short and long components of a link. Hence, it gives rise to invariant Laurent polynomials S, L in the variables σ and λ, and we call this the special (S,L)-invariant. By a slight modification of the ideal C-invariant, we will also construct an ideal (S,L)-invariant in the next section.
THE CROSSING PASSING LEMMA
Lemma 7.1. Let Z be a link diagram. Assume that the four polynomials τ (B + Lτ ), δ(B + Lτ ), τ (A + Kτ ) and δ(A + Kτ ) vanish. Then the pair (S(Z, ζ), L(Z, ζ)) is a regular isotopy invariant of a link component ζ of Z, i.e., is independent of the choice of the edge of ζ in the definition of (S(Z, ζ), L(Z, ζ)).
Proof Consider the skein relations of Fig. ? ?. Fix a state s for all the crossings except for X. The evaluation of this state can be collected into 9 types of configurations which are similar to the ones in the basic expansion: The difference ∆ D = D lef t − D right is
DeltaD = (B + L tau) (tau con[d e] -delta ext[d] ext[e]) Ks1 -(B + L tau) (tau con[d e] -delta ext[d] ext[e]) Ks2 -(A + K tau) (tau con[d e] -delta ext[d] ext[e]) Ls1 +(A + K tau) (tau con[d e] -delta ext[d] ext[e]) Ls2;
The difference ∆ M = M lef t − M right is
DeltaM = (A + K tau) (tau con[d e] -delta ext[d] ext[e]) Ks1 -(A + K tau) (tau con[d e] -delta ext[d] ext[e]) Ks2 -(B + L tau) (tau con[d e] -delta ext[d] ext[e]) Ls1 +(B + L tau) (tau con[d e] -delta ext[d] ext[e]) Ls2;
Suppose that the four polynomials τ (B + Lτ ), δ(B + Lτ ), τ (A + Kτ ) and δ(A + Kτ ) vanish. Then, B + Lτ and A + Kτ are both zero or δ = τ = 0. In both cases ∆ D = ∆ M = 0.
In the C-solution, these polynomials evaluate to zero. Hence, in the case of the special C-invariant, we obtain two Laurent polynomials S, L in the variables σ and λ, invariant under regular isotopy, but in general dependend on the choice of a link component. We call this the special SL-invariant.
Unfortunately, by computing the normal forms of these four polynomials, it turns out that they do not belong to I. Specifically, the polynomials do not evaluate to zero for the solution that yields the bracket polynomial. However, let I ′ = I, τ (B + Lτ ), δ(B + Lτ ), τ (A + Kτ ), δ(A + Kτ ) be the ideal obtained by adding the four polynomials to I. By definingĈ ′ (Z) = |Z| + I ′ ∈ R/I ′ for any link diagram Z, we obtain an ideal regular isotopy invariant of the link represented by Z. AlthoughĈ ′ might be weaker thanĈ, it is still a generalization of the special C-invariant. Moreover, when definingŜ(Z, ζ),L(Z, ζ) ∈ R/I ′ for any component ζ of Z as above, the pair (Ŝ(Z, ζ),L(Z, ζ)) is independent of the choice of the edge of ζ used in the definition of short and long components. We call (Ŝ(Z, ζ),L(Z, ζ)) the ideal SL-invariant of the link component ζ. It generalises the special SL-invariant.
Of course, for computing the ideal SL-invariant, one needs to know a Gröbner basis for I ′ . Singular easily finds the reduced Gröbner basis G ′ of I ′ in the lexicographic monomial ordering with M > δ > τ > U > V > K > L > A > B. It has 13 polynomials:
SMALL KNOTS AND LINKS AND THE C-INVARIANT
In Appendix C we display the values of the special C-invariant for Morton Tislethwait's link and the SL invariants of their components. This link is interesting because is not not seen as linked by the Jones polynomial. In the rest of this section, we make some comments on the small knot and link diagrams of the Appendices B and D.
In particular, the failure of the special C-invariant of distinguishing some non-isotopic pairs knots motivated the search for another solution annihilating the ideal I, the C-solution. This solution distinguish the specific pairs that we have isolated and proves that the ideal C-invariant is stronger than the special C-invariant. We did not find a similar solution annihilating the ideal I ′ . In consequence, we still do not know whether the ideal SL-invariant is strictly stronger than the special SL-invariant.
The Special C-invariant when the Jones Polynomial fails
In Figs. 11 and 12 of the Appendix B, we present the 12 first pairs of examples where the Jones polynomial fails. The C-invariant distinguishes the first ten pairs, but it fails to distinguish the last two, namely, (9 8 M irror, K 11 n 60 ) and (9 12 , K 11 n 15 ). Indeed, we have for the knots writhe zero normalized:
The following assignment of variables, the C-solution (solution Sol 15 in Appendix A), also solves the 47 polynomials in I in terms of the free variable λ (which is not appearing in the zero normalized knots):
It produces another invariant, the C-invariant, which seems to live in Z[ √ 5]. The C-invariant does not have an SL counterpart because the polynomials τ (B + Lτ ), δ(B + Lτ ), τ (A + Kτ ) and δ(A + Kτ ) of the Crossing Passing Lemma do not vanish, assuming respectively the values
and 2. The C-invariant does distinguish (9 8 M irror, K 11 n 60 ) and (9 12 , K 11 n 15 ): The above computations are writhe normalized to zero. Since the values of the C-invariant on the two pairs of knots distinguish their members, it follows that the ideal C-invariant is strictly stronger than the special C-invariant. Just as a consistency test we have also computed the C-invariant of each member of the Perko pair, knots 10 161 and 10 162 (which are indeed ambient isotopic knots) in Rolfsen's table.
11 Both knot diagrams have writhe 10 and we get C(10 161 ) = 8(7137875 + 3192111 √ 5) = C(10 162 ). As a matter of fact, the C-invariant seems to be stronger than the special C-invariant, because we did not find an example of a pair of distinct knots distinguished by the the first invariant and not distinguished by the second.
The special SL-invariant on small links
The special SL-invariant of the links up to 7 crossings are depicted in Figs. 14 to 15 of Appendix D. It distinguishes the components of the links which are obviously inequivalent. Many links have equivalent components. We believe that in the realm of these links the SL-invariant characterize the regular isotopy classes of their components. Take, for instance, the components of the link L 7 a 4 . They have the same SL-invariant and it is an enticing challenge to perform the interchange of these components by regular isotopy moves. As a matter of fact, we have computed the full state sums in the 9 variables for both components of L 7 a 4 and obtained the corresponding normal forms relative to the Gröbner basis G ′ . Result: the normal forms are the same. Thus we conjecture that the challenge is solvable.
VIRTUALIZATION, MATRIX MODELS AND ALGEBRAIC VIEWPOINTS
It is convenient, at this point, to make some comments on virtualization and a remark on matrix models and algebraic viewpoints.
Virtualization
For the definitions and formalism of virtual knot theory, we refer the reader the original paper by Kauffman.
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Virtual knot theory is an extension of classical knot theory to all diagrams obtained by connecting a given collection of local crossings in the plane. The diagrams themselves need not be planar and virtual crossings (indicated by crossed lines with a circle at the crossing) are used when non-planarity occurs. Many knot invariants extend to invariants of virtual knots and the bracket polynomial is an example of this phenomenon. It is easy to see that our ideal or special C and SL invariants also extend to virtuals. We will take up this subject in a separate paper, but we wish to remark here that the C-invariant, extended to virtual knots and links, satisfies a virtualization identity different from the bracket polynomial.
In Figure 9 we indicate the proof of the virtualization identity that is satisfied by our invariant. The proof follows immediately from the fact that the consecutive sequences of virtual crossings can be re-routed (detoured) in virtual knot theory. A precise statement of the result is as follows.
Proposition. If in the assigment of values to the variables in the (ideal or special) C-invariant, we take U = V , then the C-invariant does not change when we flank a crossing by virtual crossings, as shown in Figure 9 . In general, we have the difference equation shown in Figure 9 .
The original bracket polynomial does not change when one flanks a crossing by virtual crossings. This leads to infinitely many examples of virtual knots with unit Jones polynomial. Because there is an extra term (as shown in Figure 9 ) in the formal difference betweem the crossing and the flanked crossing for the C-invariant, it is possible that this invariant can detect some non-trivial virtual knots with unit Jones polynomial. In a sequel to this paper we will investigate the structure of the C-invariant for studying virtual knots and links.
Remark on matrix models and algebraic viewpoints
The specific solutions to the ideal C-invariant such as the C-invariant studied in this paper, lead to matrix models for the invariants, based on solutions to the Yang-Baxter Equation. To see how this comes about, view The value of a snake is
In general we are following the convention of diagrammatic matrix multiplication which takes free ends as receptacles for indices and sums over repeated indices for those 
It follows from our analysis of the C-invariant that R will be a solution to the Yang-Baxter Equation 4 if we take the C-solution and specialize δ and τ accordingly:
In particular, we need τ = − 1 λσ and δ = −σ 2 + 1 − σ −2 . For a specific choice of d indices this is accomplished by taking
where
We take
With these choices, the matrix R is a solution to the Yang-Baxter equation with one free parameter λ and the choice of dimension d. The C-invariant is then obtained by regarding the link diagram as a contraction of the formal tensors corresponding the putting R or R −1 at each crossing. This scheme for making such matrix models for link invariants is described 4 in Kauffman's "Knots and Physics." The matrix model should be explored further. In particular, we would like to know if these solutions to the Yang-Baxter equation are related to one of the known quantum groups.
There are other matters that can be explored. In particular, the skein expansion of Figure 1 that motivates the tensor expansion of Figure 10 can be taken in another direction to make a generalization of the Temperley Lieb algebra so that the C-invariant is seen as a trace defined on a representation of the Artin Braid Group to this new algebra. It is an enticing question to consider the categorification 7 of these invariants in analogy to Khovanov's categorification of the Jones polynomial. We will treat these matters in a sequel to the present paper.
CONSEQUENCES AND LIMITATIONS OF THE IDEAL C-INVARIANT
It remains to be investigated the impact that the new ideas here introduced will have on previous works by the authors on the connections of knot theory, combinatorial/algebraic methods and 3-manifolds, 5 and.
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The full state sum in the 9 variables of the Conway and Kinoshita-Terasaka knots, as well as the similar sums for the 9 42 knot and its mirror were computed. These are huge polynomials. For instance, the text file for for the Conway knot and for the Kinoshita-Terasaka knot are, respectively, 35846 lines and 36996 lines long. Unfortunately, the normal form of these sums modulo the Göbner basis G are the same for each pair. This fact indicates the need and motivates the search for some state sum invariant stronger than the ideal C-invariant.
APPENDIX B: THE FIRST 12 PAIRS OF KNOTS WITH THE SAME JONES POLYNOMIAL (WRITHE NORMALIZED TO ZERO)
Knot 10 132
Figure 11. C-invariant of the first 6 pairs of knots with the same Jones Polynomial
Knot 10 129
Knot 10 156 C(10 156 ) = σ 26 − 2σ
Knot 9 12 C(9 12 ) = −σ
Figure 12. C-invariant of the pairs 7 to 12 of knots with the same Jones Polynomial
APPENDIX C: THE THISTLETHWAIT LINK (SAME JONES POLYNOMIAL AS THE UNKNOT)
MT-link: 
APPENDIX D: LINKS UP TO SEVEN CROSSINGS AND THEIR SPECIAL SL-INVARIANTS (EACH COMPONENT HAS WRITHE ZERO)
L2a1: the components are equivalent
L4a1: the components are equivalent
L5a1: are the components equivalent? 
